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GEOMETRIC CONDITION FOR
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ABSTRACT. It is known that if h is an entire function of exponential type and
Z(h) = {z;}x= With |h'(z,)|= eexp(—c|z,]) for constants ¢, C independent of k,
then {z,)}¥-, is a universal interpolation sequence. That is, given any sequence of
complex numbers {a,}¥-, such that |a,|< A exp(B|z,|) for constants 4, B inde-
pendent of K then there exists g of exponential type such that g(z,) = a,. This note
is concerned with finding geometric conditions which make {z,}¥-, a universal
interpolation sequence for various spaces of entire functions. For the space of entire
functions of exponential type a necessary and sufficient condition for {z,}¥-, to be
a universal interpolation sequence is that [§¥ n(z,,1)dt/t<Clz|+D, k=1,
2,..., where n(z,, t) is the number of points of {z, }¥-, in the disc of radius ¢ about
z,, excluding z,, and C, D are constants independent of k. Results for the space
& = {f entire||f(z)|< 4 exp[ B|Im z| + Blog(l + |z?)]} are given but the theory
is not as complete as for the above example.

1. Introduction. In this note we will study the problem of finding necessary and
sufficient conditions for universal interpolation in various spaces of entire functions.
Our main interest will be to give geometric conditions, that is, conditions which only
depend on the distribution of points of our interpolation sequence.

Let 4, denote the space of entire functions of exponential type, that is, all entire
functions 4 satisfying

(1) lh(z)|<Aexp(Blz]), :z€C,

where 4 and B are constants depending only on 4. A sequence {z,}¥-, C C with
|z, |1 oo is said to be a universal interpolation sequence for 4, if, for all {a,}¥-, C C
such that

(2) lal<Adexp(Blz|), k=1,2,...,

for constants 4, B independent of k, there exists f € 4, such that f(z,) = a,.
A. F. Leont’ev [L] discovered the following theorem which illustrates the necessary
and sufficient conditions for universal interpolation found previously.

THEOREM. Given {z,}¥-, = Z(h) for h € A, then {z,}%_, is a universal interpola-
tion sequence for A, if and only if
(3) |h'(z,)|= eexp(=Clz,|), k=1,2,....
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402 W. A. SQUIRES

In this case our necessary and sufficient geometric condition is that
24l dt
(4) j‘n(zk,z)7<c|zk|+p, k=1,2,...,
0

where n(z,, t) is the number of points of {z,}¥_, in the disc of radius ¢ about z,,
excluding z, and C, D are independent of k.

The advantage of condition (4) is that given any subset {z,}¥., C C it is a simple
calculation to determine whether {z,}%_, is a universal interpolation sequence. For
example, if {z,}¥_, is a universal interpolation sequence for A, then the distance
between z; and z, for j # k must be at least e exp(~C |z, |) with ¢, C independent of j,
k. It also follows easily that there can be at most (C|z,|+D)/log|z,| points of
{z, )%=\ in the disc of radius 1 about z,. An example can be given to show that this
density is attained.

We will also consider the question of necessary and sufficient geometric condi-
tions for universal interpolation in spaces of entire functions defined by more
general growth conditions. In particular, we will be interested in the space g’, that is,
the space of entire functions f such that

(5) [f(z)|< aexp(Bp(z)), :z€C,
where p(z) =|Im z| +log(1 + |z *) and 4, B are constants depending only on f. The
space &’ can also be identified as Fourier transforms of distributions with compact
support on the real line.
To state our result for &’ we need the following definition (see [E, p. 523]).
DEFINITION. If A € &', then h is said to be slowly decreasing if there exist
constants ¢ > 0, A > 0 with the property

(6) Vx €R, max{lf(x’)|: xER,|x —x|< 4 log(l +|x|2)} = e(l +|x|2)—l/£.

THEOREM. If {z,)%-, = Z(h) for h € &', h slowly decreasing, then {z,)¢_, is a
universal interpolating sequence for &' if and only if

™ [ 0% < Cpla) + D k=120

where C and D are constants independent of k.

For the space of functions of finite order p and finite type there is a complete
description of universal interpolation sequences which is given in §5.

2. Definitions and notation. We shall always assume that p(z) is a subharmonic
function defined for all z € C, satisfying the following two conditions:

(8) p(z)=0and log(1 +|zP) = O(p(z)).
) There exist constants K, and K, such that |{ — z|< 1 implies
p)<K,p(2) + K;.

Note that (9) says that p is approximately constant on discs of radius 1.
DEFINITION. A, = {f entire: |f(z)|< Aexp(Bp(z)) for some constants 4, B
depending only on f }.
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It is easily seen that conditions (8) and (9) on p(z) imply:
(10) All polynomials belong to 4,,.
(11) A, is closed under differentiation, that is, f € 4, implies ' € 4,,.

The hypotheses on p ensure one can use Hormander’s technique for solving
du/0z = w with the appropriate growth conditions on u and w (see [BT] for more
details).

The two most important examples of such functions p are p(z) =|z|and p(z) =
iIm z|+log(1+ |z*) corresponding to the space A4, of entire functions of exponen-
tial type and &

We will now define what we mean by a universal interpolation sequence for the
spaces A,. Let V' = {(z,, m;)}7-, be a multiplicity sequence, that is, a sequence of
points {z,}¥-, C C, |z,|1 o0, and a sequence of integers {m, }¥_, which correspond
to the multiplicities of the points z,.

DEFINITION. A (V) = {y = {ykj};":*(;}i:j: | vk, |< A exp(Bp(z,)) for constants 4, B
independent of k but depending on y}.

With the above definition define the restriction map p: 4, = 4,(V) by p(f) =y
where fU%z,)//'= v ;. j =0, 1...om — Lk =1,2,....

DEFINITION. A multiplicity sequence V = {(z,, m,)}¥-, will be called a universal
interpolation sequence for A, if the restriction map p is onto.

If V= {(z, m;)}7=, is a universal interpolation sequence for 4, then we must
have V' C Z(h) for some h € A,. To see this note that V' is a universal interpolation
sequence implies there exists g € 4, such that g(z,) =1, g¥)(z,)/j!'=0, j =0,
l,....m,— 1, k=2,3,.... Thus we have V' C Z((z — z,)™g(z)) where g Z 0 and
(z —z))"g € A,. From now on we will assume V' C Z(h) for some h € A4,.

3. Necessary conditions. Before we state the first theorem some notation is
required. Given a space 4, and a multiplicity sequence V' = {(z,, m,)}¥-,, then for
constants L, and L, (L, = K,, L, = K,) let r, be the radius of the largest disc
centered at z,, denoted D(z,, r,), such that for all z € D(z,, r,), p(z) < L, p(z;) +
L,. From condition (9) we see r, = 1.

REMARKs. (i) If p(z) =|z’, 0 < p < oo, that is, 4, is the space of entire functions
of order p finite type, then L, and L, can be chosen so that r, =|z, |.

(i)If4,= &', then L, and L, can be chosen so that r, = p(z,).

For a multiplicity sequence V = {(z,, m,)}¥-,, define n(t,z,,V) to be the
number of points of V, counted with multiplicity, in the punctured disc D(¢, z,) ~
{z,} of radius ¢ centered at z,.

THEOREM 1. If V = {(2,, m})}¥=, is a universal interpolation sequence for A, then
the following two conditions hold for constants C, D independent of k:

(12) f*n(zk,z,v)?<cp(zk)+p, k=1,2,...,
0
C + D
(13) m o< PEIED

log 7,
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Proor. First we will prove (13). From [S1] we have that if V is a universal
interpolation sequence it implies there exists F € A, such that V' C Z(F) and
(F"®/m,1)(z,) = 1. An application of Cauchy’s formula gives

_F™ _1_/ F(¢)
Ci

1l =—— Zy) = ({—zk)m"-H

m,! C 2mi
where C, is the circle of radius ry, center z,. Since F € 4, and p(z) < L, p(z;) + L,
for all z € C, we have

dg,

1 1
S_ .
1 2WAexp(Bp(zk)) pe

From this it follows that m,log r, < Cp(z,) + D for constants C, D independent of

k.
Now we prove equation (12). An application of Jensen’s formula in D(z,, r,) to

F(z)/(z — z, )™ yields

1

F(m/() T dt 27 i
(|Zk_) +f0kn(zk» 6, Z(F))7 = _wj(; log|F(z, + re’®)|d8 — m, log r,.

log !

2

Since F € 4,,r, = 1,and F"(z,)/m,!= 1 we have
[*n(et. 2(F) % < p(z) + .
0
Clearly n(z,, t,V') < n(z,, t, Z(F)) for all 1 = 0 which implies

fkn(zk, t V)% < Cp(z,) + D,
0

which proves (12).

4. Sufficient conditions. In order to give sufficient conditions for universal
interpolation we must put restrictions on the multiplicity sequence V. We require the
following definition (see [BT, p. 130] for more details).

DEFINITION. A function f € 4, is called slowly decreasing if the following two
conditions hold:

(14) There exist ¢ > 0, A > 0 such that each connected component S, of the set
S(f, & A) = {z:|f(z)|< e exp(-4p(z))} is relatively compact.

(15) There exists a constant B > 0 (independent of ) such that p({) < Bp(z) + B
forall{,z € S, and all a.

For the case when p(z) is a function of |z | we have the following proposition.

PROPOSITION 1. If p(z) = p(|z|) and p(22) = O(p(2)), then every f €E A, f 0, is
slowly decreasing.

ProoF. See [BT, p. 131].

In order to state our sufficient conditions we need an additional restriction on
p(z), namely, p(2z) = O(p(z)). We will assume p satisfies this condition for the
remainder of this section.
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THEOREM 2. Let V = {(z,, m})}3=, = Z(h) for h € A, h slowly decreasing. If we
have

(16) [(ntze )% < Cplz) +
(17) m, < __—Cp (li)kg)r:- D

for constants C, D independent of k, then V is a universal interpolation sequence.

PRrOOF. By the appropriate choice of L,, L, in the definition of r, we can assume
for all z, that D(z,, r,) N (S(h, &, A))° # &. Therefore, let w, € D(z,, r,) such that
|h(w,)|= e exp(-4p(z,)). Now apply the minimum modulus theorem to 4 in the disc
D(w,,2r,). For z € D(w,,2r,), but outside a finite number of excluded circles
{C,}=, with 2"_, radius (C;) <r, (n < 1/4), we have the estimate

|h(2)|> & exp(-4'p(2,))
where €', A’ do not depend on k. Thus there exists a circle centered at z, of radius
N, < r, such that forz € {|z — z,|= 0, } = C(z,, n,) we have

[h(2)|> ¢ exp(-4'p(z;)).

Now apply Jensen’s formula to h(z)/(z — z,)™* in the disc D(z,, n,) which gives
us

h"(z, )

my

log

j(;n(zk,t V) =5 f2”10g|h (zy + mye |d0—mklognk

Using (16), (17) and the lower bound for 4 on C(z,, ,), we see

, 1
log >—AP(Z/<)_IOSQ—CP(zk)—D_CP(Z")_D

(18) log m

= -Bp(z,) —

for some constant B independent of k. The lower bound (18) we have obtained
implies V is a universal interpolation sequence by a theorem of Berenstein and
Taylor (see [BT, p. 124]).

Specializing our results to the case where 4, = &’ we have the following corollary.

COROLLARY. If V = {(z,, m})}=, = Z(h) for h € &', h slowly decreasing, then V
is a universal interpolation sequence for &’ if and only if

(19) [7%n(z, 1, V)% < Cp(z,) + D,
0
Cp(z,) + D
(20) m < P+ D
log p(z,)

where C and D are constants independent of k.
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To have a complete description of universal interpolation sequences for &’ we still
have to answer the following questions.

(i) Since we must always have ¥ C Z(h) for h € &', what are the ‘“geometric”
conditions which characterize the zero sets of functions in &’?

(i1) Given an arbitrary V' C Z(h), h € &', can we find a “good” description of V
in terms of slowly decreasing functions in &7

In the next section we will answer question (ii) for functions of finite order and
thus obtain a complete description of universal interpolation sequences for these
spaces.

5. Universal interpolation for functions of finite order. We will denote the space of
entire functions of order p and finite type by 4, that is, A, = A, where p(z) =|z .
For the spaces 4, we have the following interpolation theorem.

THEOREM 3. If V = {(z,, m,)}i-, C Z(h) for some h € A, then V is a universal
interpolation sequence for A, if and only if there exist constants C, D independent of k
such that

(19) /lzkin(zk,t,V)ﬂsClzklp-i- D,
0 {
Clz,F + D
(20") <—.
log|z,|

REMARK. Condition (19) implies
(21) for all k, there exist constants C and D such that
Clz, +D

—_— St s .
log|z,| —logt for0 <1 <lz|

n(z,, t,V) <

PROOF.
: dt
n(z,,t, V)[Ioglzk| — log t] <f| ‘ln(zk, t, V)T < Clz,|” + D.
0

Therefore
Clz,I'+ D

—_— <t s .
oz, | log for 0 <1 <|z|

n(z,, t,V) <

Later in this section we will give an example to show that (19) and (21) are not
equivalent.

PROOF OF THEOREM 3. ( ») The proof of necessity is just a special case of Theorem
1.

(=) Sufficiency in the case when p is not an integer follows from Theorem 2 since
it is well known that V = Z(h) for some h € A, and h is slowly decreasing by
Proposition 1. Thus we need only consider the case when p is an integer. For this
case we need a “good” description of V which is provided by the following Lemma.

LEMMA. If V = {(z,, m))}3-, C Z(h), h € A,, p an integer, then there exists a
function f € A, such that V C Z( f)and there exists a family of discs { D, )2, which
satisfy (22)—(25) below.
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(22) There exist constants €, C such that

o0
lf(z)|= sexp(—C]z|p) forzeC~ U D,
i=1

(23) Each D; contains either points of V or points of Z( f) ~ V but not both.

(24) Zp ¢ (<r) radius(D;) < mr for some fixed constant n <1/4.

(25) If p is an odd integer the points of Z(f)~V form a subsequence of
((&n)1 /Py U (i(én)!/PY2_ for some fixed constant §. If p is an even integer the
points of Z(f)~V form a subsequence of {(&n)'/Pe'™P)_ U {(&n)'/PY2, U
((&n)'/Pe'™/2PY2_ U ((£n)'/Pe’37/ 2PV for some fixed constant §.

ProoF. For simplicity we will prove the lemma in the case that p = 1 and m, = 1,
k=1, 2,.... The proof of the general case uses the same ideas; however, the
technical details are more difficult.

The basic idea behind the construction of f is to add balancing zeros V' to ¥ and
define f to be the canonical product with zero set V' U V’. That is, we define f as

f(z) = WAEI-II/UV’ (1 - %)es/”’*.

In order that f be of exponential type, the balancing zeros ¥’ must be chosen
sufficiently distant from ¥ so that Lindelof’s condition holds, namely,

(26) Rl S L+ v Lllck,
lal=sr “k d, eV u)k
I l=<r
(27) ml S Loy Llck
lal<r z,\ d, eV @k
|d‘,‘|$/'

for some constant K independent of r. Of course we must also choose V’ in order
that (22)—(25) are satisfied.

It will be shown that it is possible to place the balancing zeros V'’ on the real and
imaginary axes. The procedure for placing the balancing zeros does not depend on
which axis is chosen so we will only consider the case where we are adding balancing
zeros on the real axis to satisfy (26).

For the remainder of the proof we will use the following notation: 4, = {z|2"!
<|z|<2"}, ¥, = A, NV ={zV~,, D(z, r) = disc of radius r, center z and R(D)
= radius of the disc D.

The first step is to construct the discs about the points of V. We will then place
the balancing zeros V” sufficiently distant from these discs in order to satisfy (22)
and (23). Apply the proof of the Boutroux-Cartan lemma (see [Le, p. 19] for a proof)
to determine the discs about the zeros in V. That is, construct discs D", i = 1,...,i,,
about the points of V¥, such that 3~ , R(D;") = 29'2" for some fixed constant 7’ to
be determined later. The discs D;" have the property that the number of points of ¥,
inside D/ is equal to (7’2" /A, )R(D/"), where A, is the number of points in V,. To
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simplify notation let 2" /A, = §,. The important property of the discs D" is that for
any z € U~ D/, adisc of radius k8, (k an integer) about z contains at most k — 1
points of V.

Increase the radius of the discs D by 36, and denote the new discs by D. The
discs D;" have the property that for any z & U'~ | D7, D(z,28,) is at least a distance
8, away from any of the discs D;". Note that since there are at most A, discs we have
(28) > R(D") < 5m2m.

i=1
In future we will call the discs D" “omitted discs.”

Since the balancing zeros must not lie in the interior of any of the discs D, we
must determine how much of the real axis remains in which to place the balancing
zeros. The portion of the real axis in 4, N ( Uf"zl ﬁ,") can come from three sources:

(1) Omitted discs about points in ¥,—from (28) this can be no more than 572",

(i1) Omitted discs about points in V,_,—no more than two discs and thus the
portion of the real axis which these two discs cover is no more than 292"~ ! = 52"

(iii) Omitted discs about points in ¥, , ,—at most 27'2"*' = 472", Thus the total
length of R N A4, covered by the omitted discs can be at most 1092".

The next step is to determine the placing of the balancing zeros. We will show that
the balancing zeros can be chosen as a subsequence of {(£/) . where £ is a fixed
constant. This will ensure that (25) holds.

It will be convenient to choose £ in order that the distance, £, between points of
{(£§/)¥% > is less than or equal to §, for all n. A lower bound for §, is easily
computed as follows:

n2" _ 02" _

A, Cc2" C

8, =

since A, < n(V,2") < C2" for all n. Thus we can choose §{ = 7' /C.
We wish to choose a subsequence {@}/z, of {(§/)}72_,, N A4, such that the @ lie
outside the omitted discs and the following two properties hold:

(29) The distance between any two balancing zeros is at least 164, .
b 1 1

(30) S —+Rel 3 —tl<—.
=1 Y ey, k)| 2

If we assume (29) for the moment, then the discs D, will be the union of D( 63;', 24,),
J=1...j,n=12,...,and D", i=1,...,i,,n =1, 2,.... By construction these
discs satisfy (23) since each D(&],24,) is at least a distance 8, from any of the discs
D;. From (29) it is also clear that (24) holds since Eﬂﬂ(, R(D( @3;‘, 26,)) <r/8 and
forn” <1/8 we have 2,nc 1<,y R(D;") < r/8 which together imply 2, - (<, R(D,)
< qr for somen < 1/4.

In order to show that a subsequence {@}/=, can be chosen to satisfy (30) we will
only consider the worst possible case. This is when the omitted discs cover as many
points of {(£/)}72_,, as possible, starting at 2"~ ' and proceeding consecutively. The
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smallest value of Re{Z, ¢, (1/z,)} occurs when all z, are clustered at -2""' 50 we

see
A
Re{ > i}Z— .

2 €V, Zk

If we can find the subsequence {66"}/'"1 satisfying (30) for this case, then for any
other case, 2/~ (1/@") can be chosen at least as positive, while Re(Z, <, (1/2,)}
can be no more negative.

First let us choose m so that 208, > m§ > 164, which can be done since by the
choice of £, £ < 8,. Thus, if we choose {@"}/=, C {(¢mj)}>_,, N 4,, then m{ is the
minimum distance between any two points of {@j’.’ }jfg, and (29) is satisfied.

To show (30) holds, the following Proposition will be needed.

PROPOSITION. Let
I,=(a,b,)C(a,b), a>0,n=12,...,N,

with Z,, 1(b, —a,) =L and let ¢ = min(b, — a,). Consider {({j)};Z, N ((a, b) ~
U, J I ={@ j,)}, \» that is, all points of the sequence in any of the I,. With the
above notation we have

&1 b
- log| ———+—|.
§ $hi 25“ g[a + (§/0 + l)L]

PrROOF. The minimum value of the sum occurs when the intervals I, cover all
points of the sequence {({;)};2, starting at a and proceeding consccutlvely Since
the lengths of the intervals may be less than ¢, the distance between two points of the
sequence, more points could be covered than just those in the interval (a, a + L). To
determine how many more points could be covered, note that at most the points in

the interval (a, a + (§/0 + 1)L) can be covered by the intervals .
Thus the minimum value of the sum is

2 » 1.1 log[ b ]
gj’ oL I 2 a+ (§/e+ 1)L |

This concludes the proof of the Proposition.

Now apply the Proposition to the case where the omitted discs intersect as large a
length as possible of the interval (2"7!2"). Thus we have a =2""!, b =27,
o = 168,, { = m§, L = 109'2". With the above substitutions, the Proposition gives
us

2@ mi g_2""+(m£/l68,,+1)10n’2”

= ! log 2
2m§ | 1+ (mE/168, + 1)207’

R
Z2me BT+ v
where 1" = (m£/168, + 1)207.
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Since we have chosen m so that 205, > m¢, we have

Jn
11 2
2 & )

In order for the balancing zeros to cancel -A,/2""!, the following inequality is
sufficient:

J

Lo [2 oA,
408, BT+

=
2n—1 ’

or equivalently (using the fact that A, = 12" /3,),

1 2 ,
E log[1+—11“] = 21] .

The LHS of the above inequality will be bounded below for %’ sufficiently small
since ° - 0 implies 7" — 0. Thus there is some positive value of 7’ for which the
inequality holds (for all n).

Property (30) is now satisfied for the appropriate choice of subsequence {&} jf;,
since we add just enough balancing zeros @ to make the error as small as possible.
The preceding argument has shown that enough balancing zeros can be added to
make the error no worse than the reciprocal of the largest term in {@"}/~,, which is
< 1/2"~!. This proves that the function f is of exponential type.

Finally, the proof of (22) is a variant of the proof of the minimum modulus
theorem for functions of exponential type (see [Le, p. 21]). First, to simplify
notation, let

e 0o 1)

It will suffice to show, forz € 4, , U A4, the polynomial P,(z) = 1II,, ¢y (z — w,)
satisfies, outside the omitted discs and outside the discs D(éBf,Z’o‘k ), J=1. .
k=1,...,n, thebound | P(z)|> (02" 3/e)", where p, = Z7_, (A, +ji,).

LetV, =V, U {@;‘ /4, and let g, = A, + ji be the number of zeros in V. Choose
z €A,_, UA,, z outside the omitted discs and the discs D( 68;‘, 24,), and order the
zeros of ¥ in order of increasing distance from z and label the zeros {y,}%, in the
new ordering.

Claim. Forany k <n, |z — v} |> I(8,/2), 1= 1,...,q,.

ProOOF. The claim is equivalent to the statement that a disc of radius N(§,/2)
contains at most N — 1 zeros of V. Since z is at least a distance 28, from all zeros
of V7, the statement is true for N < 4. For N > 4, a disc D(z, N§,/2) contains at
most (N + 1)/2 — 2 zeros of V, and at most N /16 + 1 zeros of the balancing zeros
{@;‘ )72, This gives a total of 7N /16 — 1,2 zeros of V; which is less than N — 1 for
N > 4. This implies the claim.
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Consider the polynomials Q,(z) = IIf«,(z — y/). Application of the claim gives
us the following lower bound for Q,(z):

9k $
|guwig4§y k=1,2,...,n,

/2k 4k /2k—| Gk
>(qk!)(g—}\;) >("I ) .

e

Using the above lower bound for k = n, n — 1, n — 2 and noting that the distance
from z € A, U A,_, to any zero in D,_; = {z||z|<2"73} is at least 2", we have
the lower bound | P,(z)|> (72" /e)".

With the estimate for P (z) computed above, the proof of (22) is precisely the
proof of the minimum modulus theorem for functions of exponential type. This
concludes the proof of the Lemma.

As in the proof of Theorem 2 it will suffice to prove

(31) f(mk)(zk)

p
p— >£exp(—A|zk| ) fork=1,2,...,

for constants ¢, A independent of k. By (22) and (24) we can find a circle C,(z,, ;)
with r, <|z,| such that |f(z)|= eexp(-C|z, [) for all z € C(z,, r;). As before we
wish to apply Jensen’s formula to f(z)/(z — z,)™* in the region bounded by
C(z,, ry). However, C(z,, r,) contains zeros of f which are not in V" so we must use
(23) and (25) to obtain an estimate of [J* n(z,, t, Z(f) ~ V)dt/t. Using (25) we see
that n(z,,t, Z(f) ~ V) < Kt* for all t where K is a constant depending only on £.
Thus we have

' dt
(32) /%upuafy4q7<c¢+p, k=1,2,...,
0
where C and D are constants independent of k. From Jensen’s formula we obtain

lo f(m“( ZA)
& m, !

0 dt 1 r2m ;
+f0 n(z,.t, Z(f))T = ﬁ,/(‘) log|f(zk + re o)|d0 — mylogr,.
Therefore we have

f"(z,)
log el

1 T,
= —Arf — log; —Crf =D —j(;kn(zk,t, Z(f))%

From (19) and (32) we see

Tk di Tk Tk
L1zt 20T = [Mae e G+ [nlzn 200 ~ 1) S

t
o
<(lz| +D

and thus we have

> -Clz,|" - D,

f(zy)
log —————mk!
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for constants C, D independent of k. This proves (31) and thus we can conclude V is
a universal interpolation sequence for 4,. This completes the proof of Theorem 3.

We will now give an example to show conditions (19") and (21) are not equivalent.

Example. We will construct an even function f of exponential type such that
V = Z( f) and V satisfies condition (21) but not (19").

Consider the functions f(r)=22"/(log2?" —logr), 0<r<22""!/e?2=C,.
Place zeros on the real axis from 22" to 22" + C, such that n(2%", r) = [£(r)),
0 < r < C, (where [ ] denotes the greatest integer function). We will also assume that
there is a zero of multiplicity one at 22" for all n. Let V¥, denote the zeros in the
interval [227,2?" + C,] and let V = Ur_, (V, U (-V,)) where -V, is V, reflected
about 0. It is clear that V' = Z( f) for some even function f of exponential type.

Claim 1. Condition (21) holds for the sequence V, namely,

Clz,|+D

<
n(z,r.V) log|z,|—logr’

z, €V, 0=<r<|z,].

Since V is the zero set of a function of exponential type it is sufficient to prove
(21) for 0 < r <|z,|/2. For convenience, let N = [C,], a, = 2*"and let {a,}}_, = V,
with a, <a,,,. If a, =a, then condition (21) holds from the construction
of V,. We must therefore show (21) holds for all a, € V,, a, # a,. Note that
n(ay,|a.|/2, V) will only include zeros of V, for anya, € V.

A simple computation shows that
(33) ay,,—a,>a,, —a, for0<I<k<N,

that is, the distance between two consecutive zeros increases as k increases. Begin-
ning at a,, the distance between two’consecutive zeros must be increasing and
therefore for any other zero a, € V,, we must have -

2a, < 3a,
loga, — logr loga, —logr’

n(a,,r,V) <

Thus condition (21) holds for the sequence V.
Claim 2. Condition (19’) fails for V.
First, it is easy to see that

4y

2(log a, — log r)

forn<r<¢,,

n(ay, r,V)=

where 7 is chosen so that n(a,, 7, V') = 1. Thus we have the inequality

G, d _1 rc a, dt _ a,
JLV)—=25 | "———————=—logl ,

sincen < 1 and C, = a,/2e”. Therefore,

/C"n(ao, t V)% = 22""2loglog 22",
n

and clearly there do not exist any positive constants C and D such that
2n—1 t
[F @, V)dT < C2*" + D.
0

Conclude that (19’) fails for V. Thus V is the required counterexample.
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